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Abstract 

The tori T r — rS 1 x sS 1 C S 3 , where r 2 + s 2 — 1, are constrained 
Willmore surfaces, i.e. critical points of the Willmore functional among 
tori of the same conformal type. We compute which of the T r are stable 
critical points. 

Introduction 

For an immersed closed surface / : £ —> § 3 the Willmore functional is 



where H is the mean curvature vector in S 3 and g is the induced metric. Crit- 
ical points are called Willmore surfaces. They are characterized by the Euler- 
Lagrange equation 

W(f) = A ± H + g ij g kl A° k (A° l , H) = 0. 

Here A 1 - denotes the Laplacian in the normal bundle along /, and A° is the 
tracefree component of the vector-valued second fundamental form A. By def- 
inition, / : S — > § 3 is a (conformally) constrained Willmore surface if it is a 
critical point of W with respect to variations in the class of surfaces having the 
same conformal type. In other words, if it : A4(E) — > T(£) denotes the projec- 
tion from Riemannian metrics onto Teichmiiller space, then the point ^(f*gs 3 ) 
is prescribed [Tro92 ( FT84,KS10 . The resulting Euler-Lagrange equation is 

W(f) = g(A°,q) for some q £ S^ T {g). (1) 

In the case of a torus, the space S2 T (g) of symmetric, covariant 2-tensors q 
with div g q = and tr g (g) = (transverse traceless) is two-dimensional. For 
immersions at which the projection onto the Teichmiiller space has full rank, the 
tensor q S S^ 1 \g) in equation ([T]) is obtained from the Lagrange multiplier rule. 
A loss of rank occurs precisely when there is a nonzero q £ S2 T (g) such that 
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g(A°,q) = 0, that is the surface is isothermic BPP08,KS10 . For example, rota- 
tionally symmetric surfaces and also constant mean curvature (CMC) surfaces 
are isothermic. Recently, Schatzle established the Euler-Lagrange equation ([1]) 
also in that degenerate case |Schl2j . Reversely, a solution to ^ is always a 
constrained Willmore surface. 

In this paper we study the CMC Clifford tori T r = rS 1 x sS 1 c § 3 , assuming 
always r 2 + s = 1, which are isometrically parametrized by 

/ 2u It \ 

f r : S r = K 2 /27rrZ x 2ttsZ -> § 3 , f r (u,v) = ( ^ it)/s J . 

The f r are isothermic, in fact we have g(A° , gi) = for gi = du ® dv + dv <8> dit. 
Moreover, they are constrained Willmore surfaces since 

2 2 

#(/) = -r-^-g g(A°,q 2 ) where q 2 = dv <gi dv - du <g) du. (2) 
2r z s^ 

The following answers the question for which parameters r € (0,1) the T r are 
stable critical points of the Willmore functional in the class of surfaces having 
the same conformal type. 

Theorem 1. The tori T r = rS 1 x sS 1 c § 3 , r 2 + ,s 2 = 1, are stable constrained 
Willmore surfaces if and only if 



r <G 



1 Vs 

2' ~ 



or equivalently b G 



Here a + ib S H ore standard coordinates on the Teichmiiller space of the torus. 

The stability for | < r < is proved under the weaker condition that 
only the 6-coordinate in Teichmiiller space is prescribed. This is in line with 
a recent result of Ndiaye and Schatzle |NSllj . For r sufficiently close to -7=, 
they prove that the T r actually minimize within the class of surfaces having the 
same coordinate b in Teichmiiller space. For the unstable case, we show that 
the tori for r < | or r > ^ are unstable already in the class of rotationally 
symmetric surfaces. For < r < the stability operator has exactly k 

negative eigenvalues for k = 1, 2, Bifurcations of the tori T r as CMC surfaces 

are studied in |AP11) . In [KSS10] equivariant CMC tori are computed using 
spectral curve methods. 



1 Definitions 

Here we collect the basic definitions regarding stability. We denote by Imm(S, § 3 ) 
the space of immersions of a closed surface E into the 3-sphere. In applications 
of the implicit function theorem and also in Teichmiiller theorem one has to 
specify an appropriate degree of smoothness for the surfaces, however this is 
omitted for the sake of presentation. We assume that the functionals are twice 
continuously differentiable. 
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Definition 1. Let Q : Imm(E,§ 3 ) -> R fe , f £ Imm(S,§ 3 ) be given, and put 
%o = Q{fo)- We say that fo is a critical point for the Willmore functional under 
the constraint Q, if and only if 

-rW(/(-,t)) =0 for all admissible variations /(•. t), 
at t=o 

that is /(•, 0) = f and Q(f(; t)) = z for all t. 

If W(fo) is L 2 -orthogonal to the kernel of DQ(fo) with respect to the metric 
induced by fo, then fo is a critical point under the constraint Q . The reverse 
implication follows from the implicit function theorem if the differential DQ{fo) 
is surjective. 

Definition 2 (Constrained Willmore). An immersed surface / : E — > § 3 is 
called constrained Willmore if it is a critical point of W under the constraint 
given by projecting onto the Teichmuller space. 

We recall that the Teichmuller space is a finite-dimensional manifold, so that 
we have a Revalued constraint by chosing a chart. It is easy to see that the space 
Q = {g{A° 1 q) : q G 5*;f T (g)} is the L 2 -orthogonal complement of the kernel of 
the linearized projection at fo. In particular, the equation W(f) — g(A°,q) for 
some q £ S^ 1 (g) implies that / is constrained Willmore. The reverse is clear if 
/ is not isothermic. However the reverse also holds in the degenerate case when 
/ is isothermic, as proved in |KS10llSchl2j . 

Definition 3 (Stability). Let fo ■ E — > § 3 be critical for the Willmore functional 
under the constraint Q : Imm(E,§ 3 ) — > R fe . Then fo is called stable (under the 
constraint Q) if and only if 



'2 



> o 

t=o 



for all admissible variations (see Definition [T]). 

In the nondegenerate case when Q has full rank at fo we can give an in- 
finitesimal characterization of stability. 

Lemma 1. Let fo he critical for the Willmore functional under the constraint 
Q : Imm(E,S 3 ) — > R k , and suppose thatQ has full rank at fo, i-e. rankDCJ(/o) = 
k. Then for any admissible variation f(-,t) with /(-,0) = fo and Q{f{-,t)) = zq 
for all t we have the formula 

J2 k 

^W(/*)|t=o = D 2 W(foM 4>) - ]T XiD^ifo)^, 4>), (3) 

i=l 

where <f> = ^(-,0). Here the A,; £ R are Lagrange multipliers given by 

k 

DW(f )=J2^ D Si(fo)- (4) 

In particular, fo is stable under the constraint Q if and only if the quadratic 
form on the right of f3|) is positive semidefnite. 
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Proof. Using the covariant derivative in § 3 , we can write 

d 2 D Bf 

^W(/t)| t=0 = D 2 W(fo)(fafa +DW(f )W, where V - ^ 

By assumption, there exist vcctorfields fa along /o with 



DQ{j )fa = ei for i = l,...,k. 

Since /o is critical under the constraint G, there are Ai, . . . , A& <E M with 

fe 

DW(f )<p = >*D0i(fo)4> for all 0. 
»=i 

Applying to fa for j = 1, . . . , k and using that DQi(fo)fa = Sij, we see that 

Ai - DW(f Q )fa. 

With that we calculate 

k 

d 2 



i=l v_ 

k 



= -Y,^D 2 Qi{fa 



i=l 



Plugging in completes the proof. □ 

2 Stability of the tori T r 

For r 2 + s 2 = 1, let S r = M 2 / (2irrZ x 2irsZ) and consider the embedded tori 



p iu/r 

f r : E r -> § J , f r (u,v) 



r e 

We will calculate the basic geometric data for the f r . We have 



and in particular 

9ij = ^ij - 

The unit normal along f r in § 3 is given by 

Ju/r 

-re 



n = 



se 

/')■ 



For the second fundamental form we get 



An = --ft, A 22 = -n, A 12 = A 21 = 0. (5) 



r s 
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The mean curvature vector is given by 



H = A 11 +A 22 = ft, (6) 

rs 



and the tracefree part of the second fundamental form is 



A\ x — — - n — —A22, A° l2 — A21 — 0. (7) 
Irs 

Using Vn = and <7y = Sij , we further compute 

W(fr) = ^-n. (8) 

Now define the tensors qi £ S2 T (g), i = 1, 2, by 

qi = du ® dv + dv ® du, q 2 = dv ® dv — du® du. 

As g(A° , qi) = we see that f r isothermic. Moreover f r is constrained Willmore, 
namely we easily compute 

W(fr) = r ^£ 9 (A°,q 2 ). 
To fix a parametrization of T{Ti r ), we consider the linear maps 

M!:)(f 4 

These induce an isomorphism between E r and T a ^ = R 2 /(Z © Z(a, fr)), with 

r r 2 
(2irr) 2 L* b (g e uc) = du 2 + 2 a -dudv + (a 2 + fr 2 ) -5- dv 2 =: g a b . 

s s z 

By Teichmiiller theory on the torus, see |Tro92j . the map 
ipr : T(S r )) ¥r{a,b) = ns r (g a< b), 
is a diffeomorphism, hence we may equivalently consider the projection 

TT = ip- 1 o 7r Sr : M(£ r ) ->H, 

in particular we have 

n(g a ,b) = (0,6) G BL 
Note that (? a .b = (? euc for a = 0, 6 = s/r. Taking the derivative yields 

D-K(g euc )q t " = -e M for (i = l,2. 
Now introduce the map 

G : Imm(£ r ,S 3 ) -> M{V r ), G(f) = f*g s3 , 
as well as the compositions 

n = (A, B) = TT o G : Imm(E r , § 3 ) H. 



5 



Lemma 2. Let (M, h) be a Riemannian manifold. For any closed immersed 
surface f € Imm(E,M) we let G(f) = f*(h). Then we have the formula 

(DG(f)cP, q) LHg) = -2 £ (g(A°,q), 4>) d/x fl 

where g = f*{h) and q € Sj T (g). 

Proof. Let / : E x (— e, e) — > M be a variation with velocity field d t f = <p. Then 

(DG(f)<f>).. = ^h(dif,djf) = h(8J,D^) + h(Di<f>,dif). 
Working in normal coordinates for g at p G E, t = 0, we compute 

g{DG{f)4>,q) = 2h{d i f,D j 4>)q ij 

= 2dj (g lk h(d t f, <j>)q kj ) - 2h( D^f, <f>) qij - 2h(dJ, </>) d m . 

=A t j =0 

The first term is a divergence which integrates to zero. Using in the second 
term that q is tracefree, the claim follows. □ 

By Teichmiiller theory, we have an L 2 -orthogonal decomposition 

C 00 (Sym 2 (E r )) = ker Dw^g) S* 2 TT (£ r ). 

Furthermore we note that 

lki|li,2(s r ) = |k2|||2 (Er) = 8ir 2 rs and (q u qz)^^) = 0. 

Hence we can compute 

£>n(/ r )0 = D7r(g euc )DG(f r )<b 
1 2 



! 2 

16^2 E ( / <5(^°,^)^) ^ fl ) e M 



In the last step, we used A° = ^q% ® ft. We see that DA(f r ) = as expected. 
Moreover, we have 

2 2 

W(f r ) = ^j^n± L2 kevDB(f r ). 

This means that the CMC Clifford tori f r are actually critical points of the 
Willmore functional under the weaker constraint where £>(/) — s/r is prescribed. 
This suggests to first study the stability of the f r under the nondegenerate 
constraint B. 
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2.1 Simplified Constraint 

To use Lemma [T] we need to calculate the second variation both of the Willmore 
functional and of the constraint B. We begin with the first. 

Lemma 3. Let <f> be a normal vector field along f r . Then we have 

D 2 W(f r M4>) = (L r <f>^)^ 

with 

W 4 ( A + 2^) A0 + + -v^ + ^±£*. 

Proof. Let f(-,t) be a variation with /(-,0) = f r and dtf(-,0) — </>. Then 
D 2 W(f r ){<j>A) = \U (V t W(/)| t=0 ^)d M9 + £ (#(/,), 0)9 t d// g | t=c 

We refer to [LMS11] . equation (33), for the second variation formula, compare 
also to [GLW01] and |Lorl2j . In the case of constant mean curvature surfaces 
in § 3 , the formula simplifies to 

V t W = (A + \A°\ 2 - \H\ 2 ){& + \A\ 2 + 2)0 

+ 2(H,A ij )V 2 ij cf> + 2{A ik ,4>) A i:j (A kj , H) + 2 1 H \ 2 cp. 

Here we take into account the area term in our definition of the Willmore func- 
tional, which is not included in the definition of the functional in [LMSllj . 
resulting in a slight difference of the two formulae. Plugging in the data of the 
tori yields 



VtW(f r ) 



_L (r 2 -5 2 ) 2 \ / s 2 r 2 

2r 2 s 2 r 2 s 2 J y r 2 s 2 

(q2 _ j,2 ^,2 ^2 
— — V| 2 < 
r z s z 

„2 



+ 2 

= A 2 d 



( s 2 s 2 — r 2 


+ r - — 


\r 2 r 2 


s z 




4) Ac/) 


+ ^2r 2 s 2 + 


1 1 




2>4 + 2? 4 


■ r 2 s2 ) ' 



)(■ 



^V 2 ^+^V 2 2 0-4A0 



= A ^ + ^2 ^ + ^ V n^ + | V 22^ 

r 4 + s 4 + 2r 2 a 2 - (2r 8 + 2a 8 - 4rV) + 4s 8 + 4r 8 - 8r 4 s 4 
+ 2r^4 

= A ^ + i A <^ + Jr v ii^ + ^ v2 
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For the second term we get 

(W(f r ),4>) dtdfig = -(W(f r ), 0) (H, 0) dfl g = -({W{f r ),H)4>, 0) dfi g , 

where; 

Using that r 2 + s 2 = 1, we compute 

r 8 + s 8 = ((r 2 + S 2 ) 2 -2rV) 2 -2rV = (l-2rV) 2 -2rV = 1 -4rV + 2rV. 

The claim of the lemma now follows easily by adding the terms. □ 

Now we turn to computing the second derivative of II = noG in the direction 
of a normal vectorfield <f> along f r . We have 

D 2 H(f r )(<f> l( f>) = D\(g euc )(DG(f r )^DG(f r )(t>) + Dir(g euc ) D 2 G(f r )((t> l( t>). 

(9) 

We first work out the second term. 
Lemma 4. 

(Dir(g euc )D 2 G(f r )((f), <f>), e 2 ) = ^-Lj jf (V 2 ^ - V 2 2 0, 0) d/i fleue 



2 2 
4 7r 2 r 4 s 2 



Proof. Consider a variation f(-,t) : S r — > S 3 , such that = <9 ti f is always 
normal along /. We have 

D 2 G(m,<P) = ^G(f) - DG{f)D t <j>. 
By the first variation formulae for g and A we get 



-G(/) ij = -2(A ijV 



dt 

— G(f)ij = -2{D t A l3 ,4>) - 2(A ij , D t <f>) 



= -2(V 2 j( p,cj>) +2g kl (A ik ,cj>)(A jl ,cf>) 
-2(R g3 (^d l f)d J f,<t>)-2(A ll ,D t ^). 

At t = we decompose D t = (Dtcf)) 1 - + Df ■ £ at t = and let y> s : £ — > E be 
the flow of the vector field £. Then 

DG(f)D t (f) = DG(f)(D t (j)) ± + DG(f)(Df ■ £) 

= -2(A,D t <f>) + -H-G{fo<p e ) 

OS s—0 

= -2(A,D t <f>) + -?-Lp*rg s3 

OS s=0 

= -2(AA^) + 4(f5s3). 
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Inserting the geometric data of S 3 and f r yields 

2 2 / 2 2 \2 

D 2 G{,f r ){^<P) = -2(V 2 <M) + r -^JL\^q 2 + [r ^1 > \<j>\ 2 g euc -C s g euc . 

The two last terms vanish under Dir(g euc ). Using that Hg^l) 2 ^ = 87r 2 rs and 
DTr(g euc )q^ = -e^, the claim of the lemma follows. □ 

Lemma 5. On a two-dimensional manifold £, consider the operators 

A : M(E) x S 2 (S) C°°(S), A(.g, g) = tr s g = //"./,.,. 

: M(E) x S 2 (E) -+ ri 1 (S), %,g) - div 9 g = ff «Vi«(a, v )- 
T/ien /or ft, e S"2 (£) we ftawe 

£>iA(fif,g)/i = -g l3 g kl q lk h J i 1 

(D 1 6(g,q)h) m = -g ij g kl hik(Vjq)i m - g k \div g h) iqkm + i(grad g tr 3 h) fe g fem 



~g ij g kl (V m h)ikqji. 



Proof. Let gt = g + th. We verify the equations using normal coordinates with 
respect to g at some point p£ S. First we have 

D 1 A(g,q)h = ^_g v q tJ = -h^Qij. 

In local coordinates the divergence is given by 

(div g q) m = g lJ (Wiq)j m = g lJ ' {d l q ]m - T^q km - T k m q jk ). 
From the standard formula for the Christoffel symbols we get 

d t T ij\t=0 = \( d i h 3k + d 3 h ik ~ dkhij). 

We compute for the derivative of the divergence 



^(div 9 q ) m t=Q = j t ( g ij (d iqjm - r k jqkm - r k m q jk )) 

= —hij(Viq)jm - -(2dih ik - d k hii)q kr . 



d 

t=o dt 

1 

2 

— 7;(dih mk + d m h ik — d k h im )q ik 



2 V 

= -hij(Viq)j m - {^ih) lk q km + -d k (g lJ 'hij)q km 
--^(^ m h)i k qi k . 

This proves the second formula. □ 

Lemma 6. For Riemannian metrics g G W k ' 2 (S2(E<)) with k e N sufficiently 
large, consider the operator 

L g : W k - 2 (S 2 (^)) -> VF fe < 2 (£) x VF fe ^ 2 (T*£), L 9 g = (tr g g, div g g). 



Fix go G hevL ga . For g close to go, there is a unique q € kcrig such that 
q — go -L kcri 9o . The function q(g) is smooth and r\ = Dq(go)a _L kerL go is 
characterized by the equations 

tr s v = g 1 " 'g kl qikdji 

( div 9^°)m = g kl (div g a) k qi m - i(grad fl tr s a) fe % m 

+g ij g kl a ik (V j q)i m - ^g ij g kl a ik {W m q)jl- 

Proof. To each metric g and each g in M /fc,2 (52(S)), one associates the form 

r,(X,Y)=q(X,Y)-iq(X,J g Y), 

where J g is the almost complex structure. One checks that tr g q = is equiva- 
lent to q being complex bilinear with respect to J g , and that further div g q = 
reduces to the Cauchy-Riemann equation for r\. Since (£, g) is biholomorphic to 
a standard torus, one concludes that 5 , 2 rT (g) = kcrL 9 is two-dimensional and 
that L g has closed range. 

Let (A,0 G W M (£) x W k - ia {T*Y.) be L 2 -orthogonal to imL 9 , i.e. 

= £ (<Aff,«) fl + (£,div 3 g) s ) rf/x g for all q e Fy M (S 2 (£)). 

This means Lxg = Xg weakly, in other words A = ^ div s X and AT is a con- 
formal Killing field. As this is again a Cauchy-Riemann equation, we get that 
(im Lg) l2 is also two-dimensional. 

Now let go € M /fe,2 (5 , 2(S)) be a fixed metric, with L 2 decompositions 
W ka {S 2 {T,)) = X ®kci L ga and I4^< 2 (£) x W^^T'S) = imL go © Y . 
With respect to these splittings, the operator L g is given by a matrix 

r ( A g B g \ 

Clearly A go is an isomorphism while B go , C go , D go are zero. Now for <j> — ip(Bqo 
the equation L g <p — becomes 

A g ip + B g q o = and C g ip + D g q = 0. 

For g sufficiently close to go, the operator A g is invertible. The equations arc 
then equivalent to 

<P = -A^Bgqo and (D g - C g A- l B g )qo = 0. 

As the space of solutions is two-dimensional, the second equation must hold 
automatically, and the set of solutions is given by —A~ 1 B g qo © go where g € 
5 2 rT (5o)- The formula for the derivative follows from the chain rule. □ 
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Let a,j3 € S2(S r ) be symmetric forms satisfying 

tr 3e„c a = tV g.uc P = aild P J-Seuc ^ (^eUC ) • 

Put sr(i) = g euc + ta and let q»(t) = q»(g{t)) £ S% T (g(t)) be as in Lemma |51 
that is q^(t) — <z p -Lg e1t c S 2 T {g eU c) and in particular g M (0) = g^. We expand 

= /3„(t)^(t) + /^(i) where /3 x (i) i_ s(t) S 2 TT (<?(*)). 

By assumption /3^(0) = 0, and we have 

D 2 7rQ? ettc )(a, /3) = ^-Dir(g(t)) ■ = ^(0) Dir(g euc ) ■ q". 
at t=o p 

Next, we compute in normal coordinates at t — for symmetric a, j3 
d 



Jt g« {t)g kl {t)Pi (t)$ (t) ^tW) 



1 



Using that a,/3 are tracefree, we see that 

£*iiAi = 0^2/^2 and a,i/),2 = — d^fti- 

As <7 M is also symmetric and tracefree, we obtain ctijP^q^ k = 0. Integrating and 
using (g A , <z'')i 2 (se U c) = 8n 2 rsS\ij. we conclude 

SttW^O) = -(^^)'(0).O^( 9b „) 
= -<(/? X )'(0),g'V (9 _ ) 
= </3,(<z")'(0)W„ c) - 

Let 77 = (q ,/i )'(0) J_l2 S 2 T {g euc ). Then by Lemma|5]we get using tr 9<1BC a = 

(div Seuc J7°)j = (div 9cuc a) fe g£. 

Let us focus on the case fi = 2, which will be the relevant one. Then 

(div 9cuc r/°)i = -(div gcuc a)i, 
(div 9cuc 77°) 2 = (div 9euc a) 2 

Now for a = aiq 1 + a 2 <7 2 we have 

(div ffE „ c a)i = 9 2 ai - dia 2 , (div Seiic a) 2 = + <92«2- 

Putting r;° = uiq 1 + u 2 q 2 , the equations become 

<9 2 ui — <9iu 2 = d\OL2 — d 2 ai 
diii! + d 2 u 2 = d\a,\ + d 2 a 2 . 

Differentiating and combining the equations yields 

Am = {df~dl) ai +2df 2 a 2 
Au 2 = 2d 2 l2ai -{dl-dl)a 2 . 
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We specialize to a — ipq 2 , (3 — ipq 2 . Then D 2 n(g euc )(a, (3) — /3 2 (0)^e2, where 
8ir 2 rs(3' 2 (0) = (ipq 2 , V )L 2 ( g<!UC )- Here t]° = uiq 1 +U2q 2 , and 112 is determined by 
the equation 

Au 2 = -(dt-di)<p. 

To determine U2 we specialize further to functions ip in a Fourier space. 

Definition 4. Put Vk = {cos(fcx), sin(fcx)} for k £ N, and Vb = {1}. We denote 
by Ak,i(E r ) the set of functions w(x,y) = «( 7)^(7) on S r , where u £ Vk, v £ V/. 
The set 

JT(S r ) := (J Ak.l(^r) 

fe,JeN 

is the Fourier basis on the torus S r . 

For ip £ Aki with (k, I) ^ (0, 0) we obtain the solution 

u 2 = -Cr(k,l)<p where c r {k, I) = 2 2 - (10) 

Note that (77°, q 2 ) L 2 {g eua ) — with this choice of the integration constant. Now 

87r 2 rs^ 2 (0) = -2c r (k,l) / cptp dfig BUC . 

Summarizing we have for a — ipq 2 , ip £ Am, and j3 = ipq 2 , 

D 2 ir 2 (g euc )(a,f3) = - ^J^j ( ^ <P>pdfi.g t J) e 2 . 

Lemma 7. for normal vector fields $ = >F = tpn with ip £ Ak,i(E<r) & n d 
ip £ A m ,n(£>r) , we have the formula 

D 2 n 2 (g euc )(DG(f r ^,DG(f r m = Z^l+^M. jf ^d» g _, 

where the constants c r (k,l) are as in hlO\) . 

Proof. Let a = (A, /3 = (A, \&), and decompose a, (3 into its trace and trace 
free components, respectively: a = cf + a° , [3 = f3 c + j3°. Recall from IKS10I 
Proposition A. 7] that 

D 2 ir(g){h, ag + C x g) = -D7r(g){ah + C x h) 

for h £ 5 2 (S), a £ C°°(S r ) and X £ C°°(TE). Writing of = X a g euc , p3 c = 
X/39euc we thus get 

D 2 n 2 {g euc ){a c ,p c ) = -D-K 2 {g euc )(\ a \ p g euc ) = 0. 

As A12 = for f r , we have a = f a q 2 and /3° = fpq 2 . This yields 

D 2 7r 2 (g euc )(a c ,n = -D7T 2 (g euc )(X a (3°) 



DTr 2 (g euc )q 2 



-(KP°,q >L 2 ( S e„ c ) ; || 2 1, 2 



1 



47r 2 r 2 



167r 2 r 4 s 2 j s 
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Here we used that A is given explicitely, which yields 

r 2 - s 2 1 

Finally, our above computation yields for the tracefree components that 
D 2 TT 2 (g euc )(a ,(3°) = - ^rj^ <f»l> dfi geuc . 



□ 



We can finally calculate D 2 B(f r )(&, $). In the following, we denote by X(/ r ) 
the vectorfields along f r , i.e. the sections of /*TS 3 , and by £(f r )~ L the normal 
vectorfields along f r . 

Lemma 8. Let L® : 3£(/ r ) — > X(f r ) be given by 



4 7r 2 r 2 

/or 

$fc,j = <Pk,in, <Pk,l G 4i(E r ) 
_ fcV - ZV 

MM) - A .2 s2 + /2r 2- 

Tften /or a normal vectorfield $ <= X(/ r ) afong /,■ we ftawe 

^ 2 6(/ r )($,$) = (Lf($),$) L2 . 
Proof. By equation ([3]) we have 

^ 2 6(/ r )($,$) = DV( fa )(i)G(/ r )$,DG(/ r )$) + DTr 2 (g euc )D 2 G(f r )($,<S>). 

These two terms were calculated in Lemma 2] and Lemma [7J Plugging in yields 

for $ ki i = ipkjn, ip k j e A k ,i- 



D 2 S /r ($ M ,$ M ) 
_ 2(r 2 -s 2 )+c(k,l;r) 

4 7r 2 r 4 s 2 

1 f / f^2 vt2 r 2 - s 2 + c(/c, /; r) 



V£ a - Vf x + 2 2 * fc ,z ) ^ 



"s ■ 



47r 2 r 2 

For = tAu.ti € -Au,t)(S r ), we get 

D 2 £(/ r )($ M , = 

We can now prove our first stabiltiy theorem: 
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Theorem 2. The tori f r : S r 
if and only if 



3 3 are Willmore stable wrt. the constraint B 



r e 



1 V3 
2' ~2~ 



or, equivalently, B(f r ) G 
More precisely, let L r : (£(/ r )) — > (£(/ r )) be given by 



for 
with 



A- 



1 - (r 2 - s 2 )c(k,l;r) 



2r 4 s 4 



4> 



fcV - Z 2 r 2 



c r (fc, /) 



/c 2 s 2 + Z 2 r 2 



TTien /or an admissible variation h : E r x (—5,5) — > § 3 o// r iw'i/i 9t/i| 4 _ Q = $ 
we Ziaue 

-^W(fc) =(L r ,(^),^) L2 . 
dt z t=o 

Let k > 1 and 2 < Z < fe + 1. TTien L r Zias exactly k negative eigenvalues for 
1 1 



r e 



k + 2 fc + 1 



•esp. B(/ r ) g (((fc + l) 2 - 1) 3 , ((fc + 2) 2 - 1) ' 



The eigenspaces are 2 -dimensional and the 2k corresponding eigenf unctions are 
given by 

l 



and 



$t(x, y) = sin -y n{x, y) G X(/ r ) 



= cos ^-yj n(x,y) G X(/,.) ± . 

Proof. Let /i:Ex (—5, 5) — s> § 3 be an admissible variation of f r with 9 t /i| t0 = 
By reparametrizing by an innner diffcromorphism tp : E r x (—5, 5) — > S r 
we can achieve that h(p,t) :— h(<p(p,t),t) is always normal with dth\ t _ Q = ( E >± . 
Note that h is admissable by definition of the Teichmuller space. By Lemma Q] 
we have 



1^ 



with 



t=o at z 



t=o 

= D 2 W(f r )(^, $ x ) - A£> 2 B(/ r )($- L , * x ) = (M* X )> * x ) ia 



L r = L W (f r ) - XL B {f r ). 

The Lagrange mulitplier A G K is given by A = DW(/ r )(9) for any vector field 
9 G £(/ r ) along f r with DB(f r )(Q) = 1. For r = ^ we have DW(f r ) = and 

hence A = 0. For r ^ ^ we have ^ W^(/r) -L ker DB(f r ) and we put 



9 



W(fr) 



DB fr (W(f r )) 
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We get 

A = DW(/ r )(0) = ~(W(f r ), 8>L2 = — EMJ_ — . 

2 V 2DB(/ r )(W(/ r )) 

One calculates 



and 



2» /r (W(/ r )) = — { -2(A,W(f r )), q 2 ) = 



Thus 

^ 2 (r 2 -s 2 ) 

— 2 • 

Next, we show that for = n, ip kfl g .4fc,j (£,■)) 
1 // . 1 \ . 1 



1 rf , l-(r 2 - S 2 )c(fc,/;r)\ 



T 1 - r 2 22 T 2r 4 S 4 
This follows by plugging in Lemma [3] and Lemma |S1 

Lr(®k,l) 



1 \ . 2 _ 2 _ 1 - 2r 2 + 2r 



A + -vf , + -^vi, + — A $ fc 



2r 2 s 2 ) r 2 11 s 2 22 r 4 s 4 

2/ 2 _ 2\ / 1 / r 2 — s 2 + c(k, I; r) \ , 

1 ' V 2 2 - V 2 ! + ' $ M 



4-7T 2 ? 



2 Vv 2r2s2 / 2r2fi2 11 

l^r 2 2 l-(r 2 -.s 2 )c(fc,/;r) 
+ 2r 2 s 2 22 + 2r 4 s 4 

2 A + ^ A+ ^ V " + ^ 22+ 2,4 



k.i 



Now we turn to the calculation of the eigenvalues of L r . Plugging in 
k 2 I 2 k 2 I 2 

and 

c Jkl)= fc2fi2 ~ ^ V 
/c 2 s 2 + l 2 r 2 
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into (HI]) yields 

'(fcV + l 2 r 2 ) 2 k 2 s 2 + l 2 r 2 k 2 



r 4 

Z 2 _J {r 2 -s 2 )(k 2 s 2 -l 2 r 2 ) 

s 4 + 2r 4 s 4 ~ 2r 4 s 4 (fc 2 s 2 + Z 2 r 2 ) 
N(k,l;r) 



fe.i 



r 4 s 4( fc 2 s 2 + p r 2) 

with 

iV(fc, Z; r) = 1 [2(fcV + l 2 r 2 ) 2 - 2(k 2 s 2 + ZV) - 2fcV 

- 2ZV + 1] (fcV + l 2 r 2 ) -\{r 2 - s 2 ) (k 2 s 2 - l 2 r 2 ) 

= [(k 2 s 2 + l 2 r 2 ) 2 - (fcV + l 2 r 2 ) - fcV - Z 2 r 4 ] (k 2 s 2 + l 2 r 2 ) 
+ fcV + / 2 r 4 

= [(fc 4 _ fc 2 ) s 4 + (/ 4 _ ; 2 ) r 4 + 2k 2 l 2 r 2 s 2 - k 2 s 2 - l 2 r 2 } (k 2 s 2 + I 2 
+ fcV + ZV 

= [(fc 4 - fc 2 ) s 4 + (Z 4 - Z> 4 + 2fc 2 ZW] (fcV + l 2 r 2 ) 

+ (k 2 - fc 4 ) S 4 + (I 2 - Z 4 )r 4 - 2Z 2 fc 2 rV 
= [(fc 4 - fc 2 )s 4 + (Z 4 - Z 2 )r 4 + 2k 2 l 2 r 2 s 2 } (k 2 s 2 + l 2 r 2 - l) . 

M*k,l) =E(k,l;r)$ kJ 
N(k,l;r) 



Thus 
with 



E(k,l-r) 



r 4 s 4 (fc 2 s 2 + Z 2 r 2 )' 

N(k, Z; r) = [(fc 4 - fc 2 )s 4 + (Z 4 - Z 2 )r 4 + 2fc 2 Z W] (fcV + l 2 r 2 - l) 

We get E(l, 0; r) = E(0, l;r) = 0. 
Because of 

(fc 4 - fc 2 ) S 4 + (Z 4 - Z 2 )r 4 + 2fc 2 ZW > 

and 

rV(fcV+iV)>0 
for all r <E (0, 1), (fc, () e 2 2 \ {0} the sign of E(k, Z; r) is determined by 

fcV + ZV - 1. 

If fc 7^ 0, Z ^ 

fcV + ZV - 1 > (min{fc, I}) 2 - 1 > 0. 



Hence, let I = 0. Then 



fcV - I ' : > /' - \/ fc2 1 . 
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For k — we have 



l 2 r 2 - 1 > <^ r > 



thus for r £ [i, \ all eigenvalues are non- negative and for 



r e 



1 1 



_k + r k 

we have exactly k — 1 negative eigenvalues. 



(13) 



□ 



2.2 Full Constraint 

As a direct corollary from Theorem [2] we get 

Corollary 1. The tori T r =r§ 1 xs§ 1 C S 3 , r 2 + s 2 — 1, are stable constrained 
Willmore surfaces for r € 



1 V3 
2 ' 2 



Proof. A variation h :Ex (—(5, (5) — » S 3 with H(h) = U(f r ) also satisfies B(h) = 

B(fr). □ 

The main idea to adress the problem of the full constraint II is that it is 
enough to restrict to the class of surfaces of revolution. 

Definition 5. Let S = R 2 /(2?rZ x 2?rZ) be the square torus. For 7 : S 1 -> 
(0, ^) we call the immersion 

h 1 : E -> § 3 , fe 7 (u, w) = (cos (7(1;)) e™, sin( 7 (w))e™) 

the corresponding surface of revolution. We denote by 

Crot = {h y E Imm fe (S,§ 3 ) | 7 : S 1 -> (0, |)}. 

the class of surfaces of revolution. 

Theorem 3. T/ie ion T r = rS 1 x sS 1 c S 3 , r 2 + s 2 = 1, are stable constrained 
Willmore surfaces if and only if 



r e 



1 \/3 
2' IT 



or equivalently b G 



Here a + ii) € H ore standard coordinates on the Teichmiiller space of the torus. 
More precisely, let k > 1 and 2 < I < k + 1. For 



r € 



1 1 



k + 2 k- 



-) resp. B(f r )e (((fc + l) 2 -l)M(fc + 2) 2 -l)^ 



we /md /or instable directions <&i,^i £ %{fr) from Theorem^ admissible 
variations h : E r x (—6, 6) — > S 3 0/ / r m the class C ro t of surfaces of revolution 
with dth\ t _ Q = $2 resp. dth\ t _ Q = ^1. We have 



dt z t=o 



where L r is defined as in Theorem® 
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Proof. Obviously the tori T r can be parametrized by h 7 € C with 7 = p := 
arccosr. 

Consider any h 7 g C. By reparametrization of 7 we get a conformal immer- 
sion on the rectangle spanned by (27r,0) and (0, 2-kuj). Hence II(/i 7 ) — (0,w), in 
particular _4(ft, 7 ) = for all surfaces of revolution. 

Now let r € ' fcTx) ^ e nxe ^, P '■— arccos(r) and h p : [0, 2n] 2 — > § 3 
the above parametrization of T r . In the proof of Theorem [5] we have found for 
2 < I < k + 1 the instable directions 

&i S X(h p ), u) = sin(Zw)n(u, v) 

and 

VE^ G X(h p ), ^(u^) — coa(lv)n(u,v). 
The normal of a surface of revolution is given by 

n(u, v)= ( sm( 7 (i;)W", - cos( 1 (v))e m - i X^r^ e i 
\ sin(-f(v)) 

We vary h p in direction of in C by ft — ^ 7 (t) with 

7:S'x(- MH (0^), 
7(1/, t) = p — t sm(lv). 

We have 

dtf(u,v)\ t=Q = (sm(p)sm(lv)e m ,~cos(p)sm(lv)e m ) = $/ 

as desired. This variation already satisfies A(f(t)) = = A(h p ). B is non- 
degenerate, hence we can correct this coordinate by using the implicit function 
theorem. Consider the 2-parameter-family of surfaces of revolution given by 

/:Ex(-M) 2 ^S 3 , 
f(s,t) = h s+l[t) . 

Here s + j(t) : S 1 (0, §), (s + j(t))(v) = s + j(t)(v) is well-defined for t and 
s small enough. We calculate 

M s=t =o( u > w ) = (-sin(p)e l ",cos(p)e™) = -neX(h p ). 

Consider 

G : (—5, S) 2 — > R, G(M) ~ B(f(s,t)). 

Then 

Hence, by the implicit function theorem, there exists a function (after eventually 
making S smaller) r : (—5, <5) — > (—5, 5) with 

G(r{t),t) = G(0,0). 

Thus /(*) := /(r(t),i) satisfies £(/) = and 

n(/(t)) ^ n(A p ). 



18 



Moreover, 

9tf\ t=Q = -r'(0)n + ^. 
With 9 t /| t=0 € ker DU{h p ) we get r'(0) = 0, eg. 

d t f\t=o = 

In Theorem [2] we calculated 

d 2 



dt 2 



W) 



< 0. 



In the case of the other instable directions ^i(u,v) = cos(lv)n(u,v) we can 
proceed in exactly the same way. This completes the proof. □ 
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